Introduction
We present the solution to a problem on s-lecture hall partitions that was motivated by the paper [3] of Chung and Graham on the maxdrop statistic in permutations.
Let S n be the set of permutations of [n] = {1, 2, . . . , n}. Given a permutation π = π 1 π 2 . . . π n in S n , define Des π = {i ∈ [n − 1] | π i > π i−1 } and des π = |Des π|. The following is a consequence of Theorems 4.1 and 4.2 in [3] .
Proposition 1 (Chung-Graham, [3] ). Let P n (x) be defined by
n·des (π)+πn .
Then P n (x) 1 + x + x 2 + · · · + x n−1 = π∈S n−1 x n·des (π)+π n−1 .
In particular, this means that P n (x)/(1 + x + x 2 + · · · + x n ) is a polynomial and that its sequence of nonzero coefficients coincides with that of P n−1 (x).
We will see that Proposition 1 is a special case of our main result when s = (1, 2, . . . , n).
Given a sequence s = (s 1 , s 2 , . . . , s n ) of positive integers, we define the s-lecture hall cone to be
The . Setting x 1 = . . . = x n−1 = 1 and x n = x in (1.1) gives
λn .
We will show in Section 3 that Q (s)
n (x) is the inflated s-Eulerian polynomial associated to C
n , introduced in [8] .
We observed that for particular (infinite) sequences s and positive integers n the sequence of nonzero coefficients of Q (s) n−1 (x) coincides with that of the polynomial Q (s) n (x)/ 1 + x + · · · + x sn−1 . This surprising fact lead us to consider the problem of characterizing all sequences s satisfying this condition for all n. We call these sequences contractible.
Note that the polynomiality of Q (s)
Example. Let s be the Fibonacci sequence. Then the nth inflated s-Eulerian polynomials for the first few n are as follows:
(x) = 1x + 1, and
On the other hand, the polynomials Q
n (x)/ 1 + x + · · · + x sn−1 for the first few n are:
2 + 1, and
In this paper, we prove that all nondecreasing sequences are contractible. Moreover, we characterize contractible sequences as follows.
Theorem 2.
A sequence s of positive integers is contractible if and only if either (s n ) ∞ n=3 is nondecreasing, or there exists N ≥ 3 such that (s n ) ∞ n=N is nondecreasing, s N = s N −1 − 1 and s j = 1 for j = 1, 2, . . . , N − 2.
Our work relies on a combinatorial interpretation of Q n (x) due to Pensyl and Savage [8] , which involves s-inversion sequences.
The paper is organized as follows. In Section 2, we provide the historical background of this problem. In particular, we explain how Q n (x) is related to the s-lecture hall partitions introduced by Bousquet-Mélou and Eriksson [2] . Section 3 presents Pensyl and Savage's description of Q n (x)/ 1 + x + · · · + x sn−1 that, in particular, proves its polynomiality. In Section 5, we introduce a lemma (Lemma 10), which is the main ingredient in the proof of Theorem 2. We then use this lemma to show that all nondecreasing sequences are contractible. Finally, we conclude the proof of Theorem 2 in Section 6.
Lecture hall partitions and Q
Lecture hall partitions were introduced in 1997 by Bousquet-Mélou and Eriksson [1] . They defined a lecture hall partition into n parts as a partition (λ 1 , λ 2 , . . . , λ n ) satisfying the inequality
Note that this condition ensures that λ i ≤ λ i+1 for 1 ≤ i ≤ n − 1. Furthermore, if we order the parts (λ 1 , λ 2 , . . . , λ n ) of a lecture hall partition from left to right in a diagram (see Figure 2 .1 for an example), we obtain a figure resembling a lecture hall. Indeed, (2.1) is a sufficient condition to allow students (A, B, C and D in the picture) in each row (part) to see the professor (O in the picture). This fact led to the name of these restricted partitions. Example. The partition 14 = 1 + 2 + 4 + 7 is a lecture hall partition because
. Note that a partition into 4 parts such that λ 1 = 1, λ 2 = 2 and λ 3 = 4 must satisfy 4 in order to be a lecture hall partition, so necessarily, λ 4 ≥ 6. Thus, 12 = 1 + 2 + 4 + 5 is not a lecture hall partition.
The most remarkable result about lecture hall partitions is the Lecture Hall Theorem, due to Bousquet-Mélou and Eriksson [1] . This theorem relates lecture hall partitions to partitions into bounded odd parts.
Theorem 3 (Bousquet-Mélou and Eriksson).
For n fixed, the generating function for the number of lecture hall partitions of N into n parts, LH(N, n) is given by
That is, it coincides with the generating function of integer partitions into odd parts less than 2n.
The reader interested in a bijective proof of this result is referred to [7] and [10] .
Since lecture hall partitions have distinct parts, we may think of this result as a finite version of Euler's theorem asserting that the number of partitions of N into distinct parts coincides with the number of partitions of N into odd parts.
A natural generalization of lecture hall partitions is to consider sequences λ = (λ 1 , λ 2 , . . . , λ n ) of positive integers such that
where s = (s 1 , s 2 , . . . , s n ) is a sequence of positive integers. These s-lecture hall partitions were introduced by Bousquet-Mélou and Eriksson for nondecreasing s in [2] and by Savage and others for arbitrary positive integer sequences in [5, 4, 9, 6] .
Definition. Let s = (s 1 , s 2 , . . . , s n ) be a sequence of positive integers. We define the s-lecture hall cone to be
This cone has generators {v i = [0, . . . , 0, s i , . . . , s n ] : 1 ≤ i ≤ n} and its fundamental half-open parallelepiped is given by
Example. Let r = (3, 2), then there are 6 r-lecture hall partitions in the fundamental half-open parallelepiped of r. Indeed,
Note that in general, for a positive sequence s it is true that Π (s)
n when considered as an ordered n-dimensional vector. For instance, (1, 2) and (2, 1) are points of the (5, 2)-lecture hall cone and, by definition, they are distinct (5, 2)-lecture hall partitions of 3 (see Figure 2. 2). However, if s is nondecreasing, then the points in C (s) n ∩ Z n are actually partitions on the traditional sense, in that the sequence λ is nondecreasing, so no permutation of its coordinates appears more than once. Definition. Let s = (s 1 , s 2 , . . . , s n ) be a sequence of positive integers. We define the nth inflated s-Eulerian polynomial by
Example. The sequence s = (5, 3) has s-lecture hall cone C ∩ Z 2 is given by (2, 3) , (3, 3) , (4, 3) , (2, 4) , (3, 4) , (4, 4) , (4, 5) } .
Therefore, the inflated s-Eulerian polynomial is given by The following example illustrates that the inflated s-Eulerian polynomial depends not only on the positive integers in a sequence, but also on the order in which they appear.
Example. Let s = (2, 3) and r = (3, 2). These sequences have lecture hall cones
respectively (see Figure 2 .4). Since s 1 · s 2 = 6 = r 1 · r 2 , there are 6 s-lecture hall (resp. rlecture hall) partitions in the fundamental parallelepiped Π (resp. Π
2 ), which implies that Q 3. An alternative description of Q (s)
The definition of the inflated s-Eulerian polynomial is very intuitive. However, we now introduce an alternative description of Q (s) n (x), due to Pensyl and Savage [8] , that is more convenient for our purposes.
Definition. Let s = (s 1 , s 2 , . . . , s n ) be a finite sequence of positive integers. We define the sinversion sequences as
Given e ∈ I (s) n , we say 1 ≤ i < n is an ascent of e if
. We say 0 is an ascent of e if e 1 > 0.
It is customary to denote the set of ascents of e ∈ I (s)
n by Asc(e) and its cardinality by asc(e). We denote the collection Asc(e) | e ∈ I Example. Consider the sequence s = (1, 1, 2, 2) . By definition, the s-inversion sequences are given by I 
Combining Theorem 4 with (1.2) we get the following corollary. = {∅, {2}, {2}, {1}, {1}, {1, 2}}, respectively. By Corollary 5,
Contractible sequences
In this section, we introduce the notion of contractibility for a sequence s of positive integers. We begin by showing that for any sequence s and any n, the expression Q n (x)/ 1 + x + · · · + x sn−1 is a polynomial with integer coefficients. Furthermore, we provide a very convenient combinatorial description of this polynomial.
Given a sequence e = (e 1 , e 2 , . . . , e n−1 ) ∈ I n−1 and 0 ≤ k < s n , we denote (e 1, e 2 , . . . , e n−1 , k) ∈ I n by (e, k). Note that the rightmost equality follows from Corollary 5.
The following corollary is an immediate consequence of Theorem 6.
Corollary 7 (Chung-Graham, [3] ). Let Q (1,2,...,n) n (x) be the inflated n-Eulerian polynomial, then
n·asc(e)−e n−1 .
To see that Corollary 7 is equivalent to Proposition 1, consider the mapping φ : S n → I n defined by φ(π) = (e 1 , . . . , e n ) where e i = |{j > 0 | j < i and π j > π i }|. Then Des π = Asc (φ(π)) and e n = n − π n .
It follows from Corollaries 5 and 7 imply that the sequence of nonzero coefficients of Q n (x)/ 1 + x + · · · + x sn−1 for the first few n (see Example on page 1), and verify that the Fibonacci sequence is n-contractible for n = 3, 4, 5, 6.
The following corollary shows that all positive constant sequences are contractible. Furthermore, the polynomials Q 
Proof. Say s n = k for all n, then Theorems 4 and 6 imply that
n−1 (x).
The case of nondecreasing sequences
In this section, we prove that all nondecreasing sequences are contractible. As we mentioned before, this case is of particular interest because for such s, the set C (s) n ∩ Z n consists the s-lecture hall partitions with n parts.
By Corollary 5 and Theorem 6, we know that for any sequence s of positive integers
Therefore, an n-contractible sequence s is one such that for all e, e ∈ I (s)
s n−1 asc(e)−e n−1 = s n−1 asc(e)−e n−1 if and only if s n asc(e)− s n e n−1 s n−1 = s n asc(e)− s n e n−1 s n−1 .
We now show that the forward direction of (5.1) holds for arbitrary positive sequences s and any n ≥ 3.
Lemma 9. Let s be a sequence of positive integers and n ≥ 3. Suppose e and e are elements of I (s)
n−1 such that s n−1 asc(e) − e n−1 = s n−1 asc(e) − e n−1 , then s n asc(e) − s n e n−1 s n−1 = s n asc(e) − s n e n−1 s n−1 .
Proof. Let e, e ∈ I (s)
n−1 and suppose that s n−1 asc(e) − e n−1 = s n−1 asc(e) − e n−1 . Without loss of generality, say e n−1 ≥ e n−1 and write s n−1 asc(e) = s n−1 asc(e) + (e n−1 − e n−1 ). This means that e n−1 − e n−1 ≡ 0 mod s n−1 , but 0 ≤ e n−1 − e n−1 < s n−1 − e n−1 ≤ s n−1 , so it must be the case that e n−1 = e n−1 and this forces asc(e) = asc(e). Hence,
s n e n−1 s n−1 = s n asc(e) − s n e n−1 s n−1 .
By (5.1) and Lemma 9, we now have the following characterization of n-contractible sequences.
Lemma 10. Let s be a sequence of positive integers and n ≥ 3. Then s is n-contractible if and only if whenever e, e ∈ I (s)
n−1 are such that s n asc(e) − s n e n−1 s n−1 = s n asc(e) − s n e n−1 s n−1 , then s n−1 asc(e) − e n−1 = s n−1 asc(e) − e n−1 .
We now show that s n ≥ s n−1 implies that s is n-contractible, and hence nondecreasing sequences are contractible.
Proposition 11. Let s be a sequence of positive integers and n ≥ 3. If s n ≥ s n−1 , then s is n-conractible. Therefore, nondecreasing sequences are contractible.
Proof. Let e, e ∈ I (s) n−1 be such that (5.2) s n asc(e) − s n e n−1 s n−1 = s n asc(e) − s n e n−1 s n−1 .
Since 0 ≤ e n−s , e n−1 < s n−1 , we know that the inequality 0 ≤
Note that (5.2) implies that sne n−1 s n−1 and sne n−1 s n−1 are congruent modulo s n , so we deduce that s n e n−1 s n−1 = s n e n−1 s n−1 , and therefore, asc(e) = asc(e). Assume that s n−1 asc(e) − e n−1 = s n−1 asc(e) − e n−1 , then it must be that e n−1 = e n−1 . Say e n−1 > e n−1 , then
Thus,
+ 1, which is a contradiction. We conclude that s n−1 asc(e) − e n−1 = s n−1 asc(e) − e n−1 . The result then follows from Lemma 10.
Remark. Note that in the preceding proof the condition s n ≥ s n−1 is not used to conclude that s n e n−1 s n−1 = s n e n−1 s n−1 .
Therefore, for any s, if e, e ∈ I (s)
n−1 are such that s n asc(e) − s n e n−1 s n−1 = s n asc(e) − s n e n−1 s n−1 ,
and asc(e) = asc(e).
A characterization of contractible sequences
Although the criterion for contractibility provided by Proposition 11 requires relatively weak conditions on s, there do exist noncontractible sequences. Indeed, the next example exhibits an infinite family of noncontractible sequences.
Example. Consider the finite sequence (1, 7, 2). Corollary 5 and Theorem 6 imply that
Therefore, any s such that (s 1 , s 2 , s 3 ) = (1, 7, 2) is not contractible.
By Proposition 11, we know that all nondecreasing sequences are contractible. Furthermore, this proposition implies that if s is a sequence of positive integers such that (s n ) ∞ n=3 is nondecreasing, then s is contractible. The next example shows that this sufficient criterion is not necessary.
Example. Let s be the sequence defined by
Using Corollary 5, we find that
3 (x) = 1x 2 + 1x + 1, and
On the other hand, Theorem 6 implies that
Suppose that n > 4, then s n ≥ s n−1 and it follows from Proposition 11 that s is n-contractible. We see that although s 4 < s 3 , the sequence s is contractible.
We now conclude the proof of Theorem 2, which we recall: Theorem 2. A sequence s of positive integers is contractible if and only if either (s n ) ∞ n=3 is nondecreasing, or there exists N ≥ 3 such that (s n ) ∞ n=N is nondecreasing, s N = s N −1 − 1 and s j = 1 for j = 1, 2, . . . , N − 2.
Our strategy is to exploit the characterization of n-contractible sequences provided by Lemma 10. In order to do this, we need the following lemma.
Lemma 12. Let s be a sequence of positive integers. Suppose n ≥ 3 is such that s n ≤ s n−1 − 1. If there exists 1 ≤ j ≤ n − 2 such that s j > 1, then s is not n-contractible.
Proof. Note that e = (0, 0, . . . , 0, 1) and e = (0, . . . , 0, 1, 0, . . . 0) (1 in the jth entry) are elements of I (s) n−1 such that asc(e) = 1 = asc(e) and e n−1 = 1 = 0 = e n−1 . Given that sne n−1 s n−1 = 0 = sne n−1 s n−1 , s n−1 asc(e) − e n−1 = s n−1 asc(e) − e n−1 and s n asc(e) − s n e n−1 s n−1 = s n asc(e) − s n e n−1 s n−1 .
The result then follows from Lemma 10.
By Lemma 12, it only remains to consider sequences of the form (1, 1, . . . , 1, s N −1 , s N , . . .), where N ≥ 3, s N ≤ s N −1 − 1 and (s n ) ∞ n=N is nondecreasing. Indeed, in order to conclude the proof of Theorem 2, it suffices to show that if n ≥ 3 and s is a sequence such that s 1 = s 2 = · · · = s n−2 = 1 and s n ≤ s n−1 − 1, then s is n-contractible if and only if s n = s n−1 − 1.
Proof of Theorem 2. Let n ≥ 3 and suppose s is a sequence such that s 1 = s 2 = · · · = s n−2 = 1 and s n ≤ s n−1 − 1.
Assume s n = s n−1 − 1. Let e, e ∈ I and asc(e) = asc(e). Write s n e n−1 s n−1 = (s n−1 − 1)e n−1 s n−1 = e n−1 + −e n−1 s n−1 .
